Abstract-Low dimensional material systems provide a unique set of properties useful for solid-state devices. The building block of these devices is the PN junction. In this work, we present a dramatic difference in the electrostatics of PN junctions in lower dimensional systems, as against the well understood three dimensional systems. Reducing the dimensionality increases the depletion width significantly. We propose a novel method to derive analytic equations in 2D and 1D that considers the impact of neutral regions. The analytical results show an excellent match with both the experimental measurements and numerical simulations. The square root dependence of the depletion width on the ratio of dielectric constant and doping in 3D changes to a linear and exponential dependence for 2D and 1D respectively. This higher sensitivity of 1D PN junctions to its control parameters can be used towards new sensors.
I. INTRODUCTION
Low dimensional materials have become the building blocks of nanotechnology. The fundamental properties of 1D and 2D materials offer a new toolbox for electronic [1] , thermoelectric [2] , and optoelectronic [3] applications; like the high mobility graphene, carbon nanotube, and III-V nanowires for transistors [4] - [10] , transition metal dichalcogenides and phosphorene for tunnel transistors [11] - [17] , high ZT nanoribbon and nanowire thermoelectrics [18] - [20] and 2D photodetectors [21] , [22] . Almost all electronic and optical devices are based on PN junctions. Hence, the knowledge of the electrostatics of PN junctions is critical in predictive device design. For example, the tunneling current in tunnel diodes [23] - [25] and tunnel FETs [26] - [29] depends exponentially on the depletion width. Low dimensional material systems, however, present significant differences compared to their 3D counterparts, as detailed in the next section.
Although the impact of the dimensionality of PN junctions on their electrostatics has usually been ignored in literature, there exist experiments supporting this claim. In the case of 2D materials, Reuter et IBM noticed the new length scales in nanotubes and provided approximate analytic equations for depletion width [32] . In 2D, Achoyan et al. have derived equations for a 2D PN junction with zero thickness [33] . Later on, Gharekhanlou et al. [34] , [35] and Yu et al. [36] have used different methods to model 2D junctions. However, in all of the above models, the thickness of the PN junction has been ignored and there is no validation against numerical simulations. These issues have been addressed in this paper.
In this work, a novel approach is proposed for analytic modeling of PN junctions. The equations governing the potential profiles and depletion width of 3D, 2D and 1D systems are presented. Experiments on PN junctions demonstrate an enormous impact of dimensionality on the electrostatics [30] , [31] , [37] . The rapid progress in doping thin flakes of 2D materials and 1D nanowires over the last two decades [38] - [40] and its role in low dimensional MOSFETs [41] - [43] and tunnel transistors [11] - [17] call for a thorough analytical understanding of the low dimensional PN junctions, well validated against numerical simulations.
In the following sections, the numerical simulation method is discussed first. A novel approach to obtain the analytic equations, including the impact of neutral regions, is introduced next. The results of the analytical model are then compared with experimental measurements and numerical simulations. Finally, the approximate equations for depletion width of PN junctions in diffenret dimensions are presented.
II. NUMERICAL SIMULATION METHOD
The potential profile in 2D and 1D PN junctions, as shown in Fig. 1 , are obtained by self-consistently solving Poisson equation with the drift-diffusion equation using the finite element method in NEMO5 [44] , [45] thickness larger than depletion width) since a zero electric field boundary condition is used at the dielectric boundaries of the simulation domain. If these boundaries are close to the junction, they can artificially impact the fringing field pattern and the potential profile within semiconductor. Therefore, it is critical to make the simulation domain large enough so that boundaries do not affect the results.
For the sake of simplicity, it is assumed here that the P and N doping levels are both equal to N and the dielectric constants of channel and surrounding dielectric equal . ∆V is the potential drop across the PN junction which equals V bi −V a where V bi is the built-in potential and V a is the applied bias. Fig. 1 shows the simulated potential profile of PN junctions, in different dimensions, with the same doping of 5e19 cm −3 using finite-element method. It is clear that the well known 3D electrostatics does not apply to low dimensional junctions and dimensionality of material has a significant impact on the depletion width and potential profile.
III. ANALYTICAL MODEL
In this section, the analytic method to obtain exact analytical equations for 3D, 2D and 1D PN junctions is introduced. The depletion and neutral regions are shown in Fig. 2a . Free carriers in the neutral regions play an important role in screening the electric field. In the conventional depletion approximation, the electric field in neutral regions is zero. This zero field boundary condition, at the interface of neutral and depletion regions, can be captured by introducing image charges. Ignoring these image charges and considering only the E-field due to the charges in the depletion region leads to wrong results such as large electric fields at the boundaries of depletion region and non-monotonic potential profile in 2D and 1D [34] , [35] . The steps involved in determining the analytic equation for potential are presented in Figs. 2 and 3: 1) Place image charges to enforce the zero E-field boundary condition at the interfaces of neutral and depletion regions. 2) Find the E-field at position x . 3) Integrate Efield to obtain the potential. The 2nd step for evaluation of E-field involves the following: a) Removing charges whose Efields cancel out. After these cancellations, a negative block of charge and a positive block of charge remain. b) E-field evaluation at position x due two remaining blocks of charge. For a symmetric case, it is sufficient to evaluate E-field due to one block and multiply it by 2.
To demonstrate the new approach, we start with the well known 3D case. The potential in 3D case can be easily obtained by solving 1D differential equation but our purpose here is to introduce the method in the simplest case. Fig.  2b shows the equivalent structure where neutral regions are replaced by image charges to enforce zero E-field at the boundaries of the depletion region. Now that all charges are in place, the E-field at position x should be evaluated. First, the contribution of image charges to E-field is shown in Fig. 2b . The image charges inducing positive E-field at x are colored red and the opposite are blue. Since E-field due to an infinite plane of charge is independent of the distance from the plane, the positive and negative E-fields due to the image charges in 3D cancel each other out. Moreover, as shown in Fig. 2c , the field due to charges from 0 to x compensates the ones from x to 2x . Fig. 2d shows all the charges which contribute to E net , the net electric field at position x . The field from the block of negative charges is proportional to their net charge and equals − qN 2 W D , whereas the field due to positive block equals qN 2 (2x − W D ). Hence the net field equals to:
Integrating electric field gives the potential. Considering the reference potential to be the value at x=0 results in:
As expected, the potential profile has a parabolic form in the depleted region. From (2), W D can be derived:
Hence, we recover the well known electrostatics of bulk PN junctions. The same procedure can be followed for 2D junctions to find the potential profile as shown in Fig. 3 .
However, it is important to note that the net electric field due to image charges in 2D and 1D junctions is not zero, unlike in 3D, since the field from a finite block of charge now depends on the distance. The regions of image charges with positive and negative blocks of charge behave similar to electric dipoles with a finite net field. To the first order, the nearest neighbor block of image charges are considered first. The impact of charges further away are discussed later. Fig. 3c shows the uncompensated charges for a 2D junction. Finally, the net electric field at a distance x is obtained from a 2D block of charge with length W D − 2x and thickness T and multiplied with a factor of 2 as shown in Fig. 3d :
where E 0 is defined as
To simplify the solution, the flake thickness can be assumed to be small compared with the depletion width (T W D ) which leads to:
The potential is obtained from integrating electric field:
Evaluating (7) 
Unlike in 3D, W D has a linear dependence on both ∆V and and is inversely proportional to N . To validate this significant difference from conventional PN junction behavior, the analytical results are compared with the experimental measurements of a PN junction made from 2DEGs (2 Dimensional Electron Gases) [30] . Figure 4 shows a good match between the analytic calculations and optical measurements [30] of W D in 2D.
The analysis of 1D PN junction is similar to that of 2D. The only difference is that E net is due to a cylinder of charge with a length of W D − 2x and diameter D at a distance x (Fig. 5a ):
where the function L x is defined as √ R 2 + x 2 . and R is the radius of nanowire or nanotube. The potential is obtained to be:
where V 1D 0 is defined as 
Figure 5b compares the results of analytical model and numerical simulation of 2D and 1D PN junctions with different thicknesses showing a good agreement. Moreover, it demonstrates the significant impact of the flake thickness and nanowire diameter on the potential profile. Increasing the thickness of low dimensional material enhances the depleted charge and electric field considering a constant volume doping density.
To make the analytic model work for all thicknesses even beyond W D , the simplifications used to approximate the depletion width equations (11) and (8) 
distant charges as shown in table I. β equals 2 for thicknesses close to 0, whereas it decreases to 1 for infinitely thick junctions (equivalent to 3D). Figure 6 shows the depletion width as a function of junction thickness in different dimensions. ). An error less than 10% can be achieved using these approximations if T < W D /7 in 2D or R < W D in 1D. Interestingly, the square root dependence of W D on /N in 3D, changes to a linear and exponential dependence for 2D and 1D, respectively. Such an exponential dependence leads to high sensitivity of 1D PN junction to its control parameters, which can be used towards new sensors. For example, a small change in the biasing of 1D PN junction affects W D significantly through ∆V . Such a junction under illumination can result in a large output current response.
V. CONCLUSION In summary, using a new analysis, the electrostatics of PN junctions in low dimensional material systems have been shown to differ significantly from the 3D junctions. Reducing the dimensionality increases the depletion width and its sensitivity to doping and thickness of PN junction, attractive towards sensing applications. The analytic results match closely with experimental measurements and numerical simulations. 
